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ON SYNTHETIC INTERPRETATION OF QUANTUM PRINCIPAL
BUNDLES
TOMASZ BRZEZISKI
Abstrat. Quantum prinipal bundles or prinipal omodule algebras are re-interpreted
as prinipal bundles within a framework of Syntheti Nonommutative Dierential Ge-
ometry. More speially, the notion of a nonommutative prinipal bundle within a
braided monoidal ategory is introdued and it is shown that a nonommutative prin-
ipal bundle in the ategory opposite to the ategory of vetor spaes is the same as a
faithfully at Hopf-Galois extension.
1. Introdution
The idea of Syntheti Dierential Geometry [17℄ whih originates from syntheti on-
siderations of Sophus Lie is very simple: All geometri onstrutions are performed within
a suitable base ategory in whih spae forms are objets. For lassial geometry the base
ategory is artesian losed, i.e. it has nite produts (e.g. the artesian produt in the
ategory of sets) and the exponentials (that is the olletion of funtions between spae
forms is suh a form). Furthermore it often omes equipped with a method of onstruting
and lassifying sub-objets (the sub-objet lassier); in a word a base ategory is a topos.
In this artile we use a syntheti method in desription or re-interpretation of prinipal
bundles in Nonommutative Dierential Geometry.
This artile is addressed to nonommutative geometers and Hopf algebraists who are
familiar with general ategory theory ulture but are not experts in ategory theory. The
aim is to explain ategorial ingredients that enter a syntheti denition of a prinipal
bundle and then to show that nonommutative generalisation of this denition yields
in partiular prinipal omodule algebras or faithfully at Hopf-Galois extensions. The
full geometri potential of Hopf-Galois extensions was probably rst explored in [7℄, but
only now solid topologial and geometri evidene is being gathered that arms that
prinipal omodule algebras should be aepted as prinipal bundles in nonommutative
geometry [3℄. Thus this artile might be intrepeted as making a syntheti ase for this
laim. We also hope that this artile will ontribute to greater appreiation of the power
of ategorial (and syntheti) thinking in Nonommutative Geometry.
We assume that the reader is familiar with basi onepts and terminology of ategory
theory suh as a monomorphism, epimorphism, funtor, natural transformation, adjoint
funtors, unit and ounit of adjuntion and equivalene of ategories. Some familiarity
with nite limits, in partiular produts, pullbaks and equalisers is also needed, although
these notions will be explained in due ourse. [18℄ is the standard referene for all ate-
gorial onepts not explained in this artile. Details of Hopf algebra theory in braided
monoidal ategories that feature prominently in Setion 3 may be found in [19, Chapter 9℄.
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2. Explaining the definition of prinipal bundles
In a syntheti formulation the denition of a prinipal bundle is very suint; see [15℄,
[16℄. Let E be a ategory with nite limits (for example the ategory Set of sets or the
ategory of smooth manifolds). This means that E has a terminal objet, binary produts
and equalisers; see [18, Setion V.2, Corollary 1℄. We briey explain these three terms
presently. A terminal objet in E is an objet that is a odomain for exatly one arrow from
any objet in E (for example, any singleton set is a terminal objet in Set). A (binary)
produt of objets E1, E2 is an objet E1×E2 together with two arrows p1 : E1×E2 → E1
and p2 : E1×E2 → E2, known as projetions, suh that, for any morphisms q1 : D → E1,
q2 : D → E2, there exists a unique morphism f : D → E1×E2, suh that p1 ◦f = q1 and
p2 ◦ f = q2 (for example the artesian produt of sets is a produt in Set). An equaliser
of morphisms q1, q2 : D → E is an objet C together with a morphism ι : C → D that
equalises q1 and q2, that is q1 ◦ ι = q2 ◦ ι, and has the following universal property. For any
morphism p : B → D that equalises q1 and q2, there exists a unique arrow q : B → C
suh that p = ι ◦ q.
Let G a group objet in E (i.e. an objet with assoiative multipliation G×G → G,
neutral (global) element ∗ → G, where ∗ is a terminal objet in E, and with the inverses
given by an isomorphism G→ G). In ase of ategory of sets G is simply a group, in the
ategory of smooth manifolds it is a Lie group et. Let B be an objet in E. A prinipal
G-bundle over B is an objet P together with a morphism π : P → B and a (right)
G-ation ̺ : P ×G→ P suh that the the following diagram
(2.1) P ×G
p //
̺
// P
π // B,
where p is the projetion, is exat. The term exat means that
(a) (2.1) is a oequaliser diagram,
(b) (2.1) is a kernel pair diagram,
() π is an eetive desent epimorphism,
and our aim in this setion is to explain the meaning of (a)().
The meaning of (a) is most straightforward as the denition of a oequaliser is obtained
by reversing of all the arrows in already realled denition of an equaliser. Expliitly, (2.1)
is a oequaliser diagram provided π oequalises p and ̺, i.e., π◦p = π◦̺, and for any other
morphism φ : P → A oequalising p and ̺ there exists a unique morphism ψ : B → A
tting the following diagram
P ×G
p //
̺
// P
π //
φ

B
ψ~~}}
}}
}}
}}
A.
The existene of suh a unique ψ is referred to as the universal property of oequalisers.
Before moving to ondition (b), we an look at the meaning of (a) in ase E is the
ategory Set of sets. In this ase P × G is the usual artesian produt, p, ̺, π are
funtions and writing x · g for ̺(x, g) (the ation of g ∈ G on x ∈ P ), the oequalising
property of π means that, for all b ∈ G, x ∈ P ,
π(x · g) = π (p (x, g)) = π(x).
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The universal property now means that (up to an isomorphism) B = P/G (the quotient
set) and, by the oequalising property, π : P → B is the anonial surjetion.
Sine E has nite limits, in partiular it has pullbaks. That is, for any pair of mor-
phisms with ommon odomain, f1 : E1 → B, f2 : E2 → B, there is a diagram (i.e. an
objet E1 ×B E2 and two morphisms p1, p2 tting the following diagram)
E1 ×B E2
p1 //
p2

E1
f1

E2
f2
// B,
with the following universal property. For any objet F and morphisms q1 : F → E1 and
q2 : F → E2 suh that f2 ◦ q2 = f1 ◦ q1, there exists a unique morphism γ : F → E1×B E2
suh that p2 ◦ γ = q2 and p1 ◦ γ = q1. One should keep in mind that a pullbak (as every
nite limit) is a partiular equaliser; see [18, Setion V.2, Theorem 2℄.
The statement (b) that (2.1) is a kernel pair diagram means that the (unique) map
γ : P ×G→ P ×B P ,
P ×G
γ
%%L
L
L
L
L p
''
̺
""
P ×B P
p1 //
p2

P
π

P π
// B,
is an isomorphism.
Again we an look at the ase of sets. The pullbak P ×B P of π is a subset of P × P ,
P ×B P = {(x, y) ∈ P × P | π(x) = π(y)},
while p1, p2 are restritions of anonial projetions P × P → P . The map γ is therefore
given by
γ(x, g) = (x, x · g),
and its bijetivity means preisely that the ation of G on P is free.
The explanation of the ondition () requires a quik tour of the desent theory. We
follow formulation of eetive desent morphisms presented in [13℄. With any objet A of
E one an assoiate its omma ategory or ategory of objets over A, (E ↓ A). Objets in
(E ↓ A) are morphisms with odomain A, i.e. pairs (E, f), where E is an objet in E and
f : E → A is a morphism. A morphism from (E1, f1) to (E2, f2) in the omma ategory
(E ↓ A) is a morphism h : E1 → E2 in E making the following triangle
(2.2) E1
h //
f1   A
AA
AA
AA
E2
f2~~}}
}}
}}
}
A
ommute. While objets in E have no elements in a set theoreti sense, one an treat all
morphisms with odomain A as generalised elements of the objet A. Thus (E ↓ A) an
be thought of as a olletion of elements of A; see [17, Part II℄ for an in-depth disussion
of generalised elements in relation to omma ategories.
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Any morphism π : P → B in E indues a pair of funtors between the omma ategories
(E ↓ P ) and (E ↓ B). The funtor π! : (E ↓ P ) → (E ↓ B) is given by the omposition
with π, that is π!(E, f) = (E, π ◦ f) on objets and π!(h) = h on morphisms in (E ↓ P ).
The funtor π∗ : (E ↓ B) → (E ↓ P ), to every morphism f : E → B in E assigns the
projetion p2 in the pullbak
(2.3) E ×B P
p1 //
p2

E
f

P
π // B, π∗(E, f) = (E ×B P, p2).
For all morphisms h : (E1, f1) → (E2, f2) in (E ↓ B), π
∗(h) is a unique ller in the
following pullbak diagram
E1 ×B P
π∗(h)
&&N
NN
NN
N h◦p1
((
##
E2 ×B P //

E2
f2

P π
// B,
where p1 and unmarked arrows are relevant anonial projetions.
The funtor π! is the left adjoint of the funtor π
∗
. The ounit of this adjuntion,
ǫ : π! ◦ π
∗ → id(E↓B), assigns to a morphism f : E → B the projetion p1 in the pullbak
(2.3), whih is learly a morphism in (E ↓ B) between
π! ◦ π
∗(E, f) = π!(E ×B P, p2) = (E ×B P, π ◦ p2)
and (E, f). The unit η : id(E↓P ) → π
∗ ◦ π! assigns to f : E → P the unique morphism
〈E, f〉 that ts into the diagram
E
〈E,f〉
$$H
H
H
H
H idE
((
f
  
E ×B P
p1 //
p2

E
f◦π

P π
// B.
A monad or a triple on a ategory E is a funtor T : E → E together with two natural
transformations µ : T ◦ T → T (the multipliation) and η : idE → T (the unit) whih
satisfy the assoiativity and unitality onditions. Expliitly, reall that to eah objet E
in E, a natural transformation µ assigns a morphism µE : T ◦T (E)→ T (E) and η assigns
a morphism ηE : E → T (E). The assoiativity and unitality onditions state that, for all
objets E,
µE ◦ µT (E) = µE ◦ T (µE), µE ◦ ηT (E) = µE ◦ T (ηE) = idT (E).
To a monad (T, µ, η) one assoiates its representation ategory known as the Eilenberg-
Moore ategory of algebras or modules ET . The objets are pairs (X, ξ), where X is an
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objet in E and ξ : T (X)→ X is a morphism suh that
ξ ◦ µX = ξ ◦ T (ξ), ξ ◦ ηX = idX ,
(i.e. ξ is assoiative and unital). One refers to ξ as a struture map for the module X . A
morphism of modules is a morphism in E that ommutes with the struture maps.
We have all the ingredients needed for explaining ondition () at hand. Going bak to
the morphism π : P → B, the adjuntion π! ⊣ π
∗
indues a monad T = π∗ ◦π! on (E ↓ P )
with µ(E,f) = π
∗(ǫπ!(E,f)) = π
∗(ǫ(E,π◦f)), for all (E, f) ∈ (E ↓ P ), and unit η. Furthermore,
it indues the funtor K : (E ↓ B) → (E ↓ P )T , known as the omparison funtor, that
ts the following diagram
(E ↓ B)
K //
π∗ %%KK
KK
KK
KK
KK
(E ↓ P )T
Uxxrrr
rr
rr
rr
r
(E ↓ P ) ,
where U is the forgetful funtor. The ommutativity of the diagram means that the objet
part of K(E, f) is the projetion p2 : E ×B P → P in the pullbak diagram (2.3), i.e.
π∗(E, f). The struture map is
π∗(ǫ(E,f)) : T ◦ π
∗(E, f) = π∗ ◦ π! ◦ π
∗(E, f) −→ π∗(E, f) = (E ×B P, p2).
The morphism π : P → B is an eetive desent morphism provided the assoiated om-
parison funtor K is an equivalene of ategories. Of ourse eetive desent epimorphism
is an eetive desent morphism whih is an epimorphism.
In ase of the ategory of sets, every epimorphism (surjetive funtion) is an ee-
tive desent morphism, but in ase of other ategories ondition () arries non-trivial
information.
3. Translating the definition of prinipal bundles
In this setion we would like to translate arefully the denition of prinipal bundles to
the ase of braided monoidal ategories with equalisers preserved by the tensor produt.
The ongoing programme whose foundations are presented in [20℄ makes a very solid ase
for suh ategories to be a proper environment for Nonommutative Geometry.
A ategory B is alled a monoidal ategory if there exist a funtor −⊗− : B×B → B,
a distinguished objet 1 in B and isomorphisms
αX,Y,Z : (X⊗Y )⊗Z → X⊗(Y⊗Z), λX : 1⊗X → X, ̺X : X⊗1→ X,
natural in X, Y, Z, suh that, for all objets W,X, Y, Z in B, the following diagrams
((W⊗X)⊗Y )⊗Z
αW,X,Y ⊗idZ //
αW⊗X,Y,Z

(W⊗(X⊗Y ))⊗Z
αW,X⊗Y,Z // W⊗((X⊗Y )⊗Z)
idW⊗αX,Y,Z

(W⊗X)⊗(Y⊗Z)
αW,X,Y⊗Z // W⊗(X⊗(Y⊗Z)) ,
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and
(X⊗1)⊗Y
̺X⊗idY &&MM
MM
MM
MM
MM
αX,1,Y // X⊗(1⊗Y )
idX⊗λYxxqqq
qq
qq
qq
q
X⊗Y
ommute. The funtor ⊗ is referred to as the tensor or mnoidal produt and 1 is alled
the monoidal unit. A monoidal ategory is said to be strit monoidal if the isomorphisms
αX,Y,Z , λX and γX are identities, for all objets X, Y, Z of B. Although there might be
rather few strit monoidal ategories in nature, any monoidal ategory is equivalent to
a strit one. It is therefore ustomary (and very onvenient) to treat monoidal ategory
as if it were strit monoidal, and not to write the rearranging brakets isomorphisms
(or assoiators) αX,Y,Z and the unitors λX and ̺X in any formulae (eah of these Greek
letters will denote something else in the sequel). With this onvention in mind, a monoidal
ategory is denoted by (B,⊗, 1, τ), and the brakets are not written between multiple
tensor produts.
A (strit) monoidal ategory (B,⊗, 1, τ) is said to be a (strit) braided monoidal ate-
gory if, for any pair of objets X, Y of B, there exists an isomorphism, alled a braiding,
τX,Y : X⊗Y → Y⊗X , natural in X and Y , suh that, for all objets X, Y, Z of B, τ1,X ,
τX,1 are identity morphisms (up to unitors), and
(idY⊗τX,Z) ◦ (τX,Y⊗idZ) = τX,Y⊗Z , (τX,Z⊗idY ) ◦ (idX⊗τY,Z) = τX⊗Y,Z ,
(the assoiators in the rst equality and their inverses in the seond one are not written
expliitly). The naturality of braiding means that, for all morphisms f : X → Y and all
objets Z,
τY,Z ◦ (f⊗idZ) = (idZ⊗f) ◦ τX,Z , τZ,Y ◦ (idZ⊗f) = (f⊗idZ) ◦ τZ,X .
A braided monoidal ategory is denoted by (B,⊗, 1, τ). The examples of partiular
interest are the ategory Vectk of vetor spaes over a eld k, with the monoidal produt
given by the standard tensor produt of k-vetor spaes, monoidal unit 1 = k and with
the braiding τ provided by the ip, and its opposite ategory Vectop
k
. (Reall that the
opposite ategory is obtained from the original one by reversing all the arrows.)
As in the ategory of vetor spaes in any monoidal ategory one an onsider monoids
or algebras and omonoids or oalgebras. These are dened in the same diagrammati way
as usual k-algebras and k-oalgebras. In braided monoidal ategory, the tensor produt of
two oalgebras (algebras) is again a oalgebra (algebra). If C is a oalgebra in (B,⊗, 1, τ)
with omultipliation ∆C : C → C⊗C and ounit εC : C → 1, and D is a oalgebra with
omultipliation ∆D : D → D⊗D and ounit εD : D → 1, then C⊗D is a oalgebra with
ounit εC⊗εD and omultipliation
(3.1) C⊗D
∆C⊗∆D // C⊗C⊗D⊗D
idC⊗τC,D⊗idD// C⊗D⊗C⊗D.
Similarly, if A is an algebra with multipliation mA and unit 1A : 1 → A, and B is an
algebra with multipliation mB and unit 1B : 1 → A, then A⊗B is an algebra with unit
1A⊗1B and multipliation
(3.2) A⊗B⊗A⊗B
idA⊗τB,A⊗idB// A⊗A⊗B⊗B
mA⊗mB // A⊗B.
Thus, similarly as for k-algebras and k-oalgebras, in a braided monoidal ategory one
an ombine algebras and oalgebras to dene bialgebras and Hopf algebras.
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The aim of this setion is to translate the denition of prinipal bundles to the ase
of braided monoidal ategories. The translation proedure we employ follows the same
priniple as in [1℄: we interpret the ategory of sets as a monoidal ategory (with the
artesian produt understood as the tensor produt, the monoidal unit given by the
singleton set, and the braiding provided by the ip) and reformulate notions desribed in
the preeding setion in the way suitable for a general monoidal ategory. As with every
translation, some information is lost some other gained, but it is hoped that the general
spirit is preserved.
The rst observation is that every set X is a omonoid or a oalgebra with the unique
omultipliation given by the diagonal funtion,
∆X : X → X ×X, x 7→ (x, x).
The oassoiativity of this omultipliation is obvious. The ounit is the unique map
εX : X → ∗, where ∗ is a xed singleton set understood as the monoidal unit in the
ategory of sets. The standard identiation X × ∗ ∼= X ∼= ∗ × X immediately yields
the ounitality of ∆X . Guided by this we should onsider omonoids or oalgebras in
(B,⊗, 1, τ) as basi objets.
Sine any set has unique omultipliation and ounit, a group G is the same as a
Hopf algebra in the ategory of sets; the standard ompatibility onditions between o-
multipliation and multipliation et., are automatially satised (the singleton set ∗ is
understood as a monoid in the only possible way). The antipode S is given by the inverse
funtion
S : G→ G, g 7→ g−1.
This antipode is obviously bijetive (in fat, involutive, sine S ◦ S = idG). Thus for a
group objet in a braided ategory B we take a Hopf algebra H in B (and we may assume
that H has a bijetive antipode, although it is not needed at this point).
Again, sine the omonoid struture on a set is uniquely given, the ation of a group
G on a set P is ompatible with the omonoid strutures. This means that the ation
̺ : P × G → P makes P into a right module oalgebra over the Hopf algebra G (all in
the ategory of sets), i.e., for all x ∈ P and g ∈ G,
(3.3) ∆P (x · g) = ∆P (x) ·∆G(g),
where the ation on the right hand side is dened omponentwise. Obviously εP (x · g) =
εP (x)εG(g). Thus, in a braided monoidal ategoryB, P is required to be a rightH-module
oalgebra with the H-ation ̺ : P⊗H → P . The ompatibility (3.3) is then expressed
in the element-free way and with the use of the braiding τ as the ommutativity of the
following diagram
P ⊗H
̺ //
∆P⊗∆H

P
∆P // P⊗P
P⊗P⊗H⊗H
idP⊗τP,H⊗idH // P⊗H⊗P⊗H,
̺⊗̺
OO
and εP ◦ ̺ = εP⊗εH , i.e. ̺ is a morphism of oalgebras (omonoids) in B.
In the ase of sets the anonial projetion p : P ×G→ P , (x, g) 7→ x an be identied
with the funtion (x, g) 7→ (x, ∗) ≡ x (where ∗ stands for the only element of the singleton
set ∗), i.e. p an be identied with idP × εG. In this form, the map p an be translated to
a braided monoidal ategory B.
These are ingredients needed for the denition of a nonommutative prinipal bundle.
8 TOMASZ BRZEZISKI
Denition 3.1. Let (B,⊗, 1, τ) be a braided monoidal ategory with equalisers preserved
by the tensor produt. Let H be a Hopf algebra in B and B be a oalgebra in B. A right
H-module oalgebra P (with ation ̺ : P⊗H → P ) together with a oalgebra morphism
π : P → B is alled a nonommutative H-prinipal bundle provided that the following
diagram
(3.4) P ⊗H
idP⊗εH //
̺
// P
π // B,
of omonoids is ⊗-exat.
The term `⊗-exat' is a translation of the term `exat' explained in Setion 2 to braided
monoidal ategories. Therefore, its meaning omprises three statements:
(A) (3.4) is a oequaliser diagram,
(B) (3.4) is a kernel pair diagram of omonoids in B,
(C) π is an eetive desent epimorphism of omonoids in B.
The statement (A) is the same as (a) in Setion 2, the meaning of (B) and (C) need to
be explained. In due ourse the need for and meaning of the assumptions that B has
equalisers and that they are preserved by the tensor produt should beome lear.
As already mentioned in Setion 2, in the ategory of sets a pullbak of α : E1 → B
and β : E2 → B is a subset of E1 × E2 dened by
E1 ×B E2 = {(x, y) ∈ E1 × E2 | α(x) = β(y)}.
Sine all sets are omonoids, and funtions are maps of omonoids, the set E1 is a right
B-omodule and E2 is a left B-omodule with oations
λ1 = (idE1 × α) ◦∆E1 : E1 → E1 × B, x 7→ (x, α(x)),
and
λ2 = (β × idE2) ◦∆E2 : E2 → B ×E2, y 7→ (β(y), y).
Thus
E1 ×B E2 = {(x, y) ∈ E1 × E2 | (x, α(x), y) = (x, β(y), y)} = E1✷BE2,
where E1✷BE2 denotes the equaliser of λ1 × idE2 and idE1 × λ2, i.e. the otensor produt
of omodules. This indiates that pullbaks in a ategory with nite limits should be
translated to otensor produts of omodules in a monoidal ategory.
While the deision whih of the monoids turn into left and whih one in the right
omodule is somewhat arbitrary, this ambiguity vanishes if we want to equalise the same
morphism. This leads to the following lemma and denition whih explain (B).
Lemma & Denition 3.2. Let B be a monoidal ategory (not neessarily braided).
Consider a diagram of omonoids
(3.5) C
α //
β
// P
π // B,
in whih π◦α = π◦β, i.e. π oequalises α and β. Assume that there exists the equaliser of
(idP⊗π⊗idP ) ◦ (∆P⊗idP ) and (idP⊗π⊗idP ) ◦ (idP⊗∆P ), and denote it by P✷BP . Then
there exists a unique morphism
can : C → P✷BP,
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suh that
C
can //
(α⊗β)◦∆C ''PP
PPP
PPP
PPP
PPP
P✷BP

P⊗P.
The diagram (3.5) is said to be a kernel pair diagram of omonoids in B provided the map
can is an isomorphism.
Proof. Start with the following straightforward alulation:
(idP⊗π⊗idP ) ◦ (∆P⊗idP ) ◦ (α⊗β) ◦∆C = (idP⊗π⊗idP ) ◦ (α⊗α⊗β) ◦ (∆C⊗idC) ◦∆C
= (idP⊗π⊗idP ) ◦ (α⊗β⊗β) ◦ (idC⊗∆C) ◦∆C
= (idP⊗π⊗idP ) ◦ (idP⊗∆P ) ◦ (α⊗β) ◦∆C .
The rst and the third equalities follow by the fat that α and β are morphisms of
omonoids, while the seond equality is a onsequene of the oassoiativity of ∆C and
the fat that π oequalises α and β. The existene and uniqueness of the morphism can
now follow by the universal property of equalisers. ⊔⊓
Lemma 3.3. In the setting of Denition 3.1, can : P⊗H → P✷BP is the unique mor-
phism indued by the omposite
(3.6) P⊗H
∆P⊗idH // P⊗P⊗H
idP⊗̺ // P⊗P.
Proof. The form of the map can is obtained by the following omputation
(idP⊗εH⊗̺) ◦∆P⊗H = (idP⊗εH⊗̺) ◦ (idP⊗τP,H⊗idH) ◦ (∆P⊗∆H)
= (idP⊗̺) ◦ (idP⊗idP⊗εH⊗idH) ◦ (∆P⊗∆H)
= (idP⊗̺) ◦ (∆P⊗idH),
where the seond equality follows by the naturality of the braiding and from the fat that
(up to unitors) the braiding τP,1 is the identity. ⊔⊓
The property (B) thus states that the map can indued by (3.6) is an isomorphism.
It remains to explain the meaning of (C), or, more preisely to translate () so that the
meaning to (C) an be given. Take a set A. The omma ategory (Set ↓ A) onsists of
funtions f : X → A. A funtion f : X → A an be equivalently desribed as a funtion
assigning to X the graph of f , i.e. as
graph(f) : X → X × A, x 7→ (x, f(x)).
If A is understood as a omonoid (in a unique way), then (X, graph(f)) is a right A-
omodule (graph(f) is a oation). The ommutativity of the diagram (2.2) for a morphism
g : (X1, f1) → (X2, f2) in (Set ↓ A) is equivalent to the ommutativity of the following
diagram for the indued oations graph(f1), graph(f2)
X1
g //
graph(f1)

X2
graph(f2)

X1 ×A
g×idA // X2 × A.
Therefore, the omma ategory (Set ↓ A) is the same as or isomorphi to the ategory of
right A-omodules.
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In a monoidal ategory B, by the omma ategory of a omonoid A we understand
the ategory of right A-omodules Comod(A). We should point out at this point that the
hoie of right over left A-omodules is arbitrary. We also do not require the objets of
the omma ategory of A to be (morphisms of) omonoids, as the notion of an eetive
desent morphism of omonoids an already be introdued in present generality.
A morphism of omonoids π : P → B indues a funtor π! : Comod(P ) → Comod(B)
by omposition with the oation. If (E, λ) is a right P -omodule, then
π!(E, λ) = (E, (idE⊗π) ◦ λ),
is a right B-omodule. On morphisms π!(h) = h. In the ase of sets this is exatly the
funtor π! between omma ategories desribed in Setion 2. To see this one should use
the identiation of a funtion f with the funtion graph(f) into its graph.
The onstrution of the funtor π∗ : Comod(B) → Comod(P ) requires additional as-
sumptions on the monoidal ategory B. First we need to look at the ase of sets, and
study the diagram (2.3). The pullbak in diagram (2.3) is
E ×B P = {(e, x) ∈ E × P | π(x) = f(e)}
= {(e, x) ∈ E × P | (e, π(x), x) = (graph(f)(e), x)} = E✷BP,
where E is the right B-omodule with oation graph(f) and P is the left B-omodule
with oation (π × idP ) ◦∆P . The P -oation indued by the projetion p2 is
graph(p2) : E ×B P → E ×B P × P, (e, x) 7→ (e, x, p2(e, x)) = (e, x, x),
that is graph(p2) = idE × ∆P |E×BP . Translating this to the monoidal ategory B we
onlude that, for all B-omodules (E, λ),
π∗(E, λ) = (E✷BP, idE✷B∆P ).
For this funtor to be dened we thus need to require the existene of equalisers in B
to obtain the objet part of the omodule, and these equalisers need be preserved by the
tensor produt (meaning: after tensoring an equaliser we again obtain the equaliser) for
idE✷B∆P to be a well-dened oation (this explains the origin of assumptions on B
made in Denition 3.1). More expliitly, by idE✷B∆P we understand the unique arrow
in the following diagram
(3.7) (E✷BP )⊗ P // E⊗P⊗P
(idE⊗π⊗idP⊗idP )◦(idE⊗∆P⊗idP ) //
λ⊗idP⊗idP
// E⊗B⊗P⊗P
E⊗P
idE⊗∆P
OO
E✷BP.
OOidE✷B∆P
``A
A
A
A
A
A
A
A
A
A
The existene and uniqueness of idE✷B∆P with speied odomain follow by the assump-
tion that the tensor produt preserves equalisers, so that the top row in diagram (3.7) is an
equaliser. On morphisms of right B-omodules f : (E1, λ1) → (E2, λ2), π
∗(f) = f✷BidP
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is the unique ller in the following equaliser diagram
(3.8) E2✷BP // E2⊗P
(idE2⊗π⊗idP )◦(idE2⊗∆P ) //
λ2⊗idP
// E2⊗B⊗P
E1⊗P
f⊗idP
OO
E1✷BP.
OOf✷B idP
]];
;
;
;
;
;
;
;
;
At this point the translation stops and the development of translated notions follows its
own ourse.
If B has equalisers and equalisers are preserved by the tensor produt, then to any
morphism of omonoids π : P → B one an assoiate a pair of funtors
π! : Comod(P )→ Comod(B), π
∗ : Comod(B)→ Comod(P ).
This is an adjoint pair with π! the left adjoint of π
∗
. For any P -omodule (E, λ), the unit
of the adjuntion is
η(E,λ) : (E, λ)→ π
∗ ◦ π!(E, λ) = (E✷BP, idE✷B∆P ), η(E,λ) = λˆ,
where E on the right hand side of the rst equality is understood as a right B-omodule
with the oation (idE⊗π) ◦ λ, and λˆ is the (universally indued) unique ller in the
following diagram
E✷BP // E⊗P
(idE⊗π⊗idP )◦(idE⊗∆P ) //
(idE⊗π⊗idP )◦(λ⊗idP )
// E⊗B⊗P
E.
λ
OO
λˆ
eeJ
J
J
J
J
For any B-omodule (E, λ), the ounit of the adjuntion
ǫ(E,λ) : π! ◦ π
∗(E, λ) = (E✷BP, idE✷B ((idP⊗π) ◦∆P ))→ (E, λ),
is the omposite
ǫ(E,λ) : E✷BP // E⊗P
idE⊗εP // E.
The morphism idE✷B ((idP⊗π) ◦∆P ) is dened by a diagram similar to (3.7). Sine
π : P → B is a morphism of omonoids, εB ◦π = εP , and E✷BB is isomorphi to E (with
the isomorphism indued by idE⊗εB), the ounit of adjuntion ǫ(E,λ) an be identied
with idE✷Bπ.
The monad (T = π∗ ◦ π!, µ, η) on the ategory Comod(P ) indued by the adjuntion
π! ⊣ π
∗
aording to the standard proedure desribed in Setion 2 omes out as follows.
For any right P -omodule (E, λ),
(3.9) T (E, λ) = (E✷BP, idE✷B∆P ), η(E,λ) = λˆ,
and
(3.10) µ(E,λ) = ǫ(E,λ)✷BidP : E✷BP✷BP // (E⊗P )✷BP
(idE⊗εP )✷B idP // E✷BP,
where E is understood as a right B-omodule by the oation aquired from π!, i.e.,
(idE⊗π) ◦ λ.
12 TOMASZ BRZEZISKI
An algebra or module over the monad (T, µ, η) is a triple (E, λ, ξ), in whih (E, λ)
is a right P -omodule (i.e. an objet in the ategory Comod(P ) on whih T operates)
and ξ : E✷BP → E is a morphism of P -omodules rendering ommutative the following
diagrams
(3.11) E✷BP✷BP
µ(E,λ) //
ξ✷BidP

E✷BP
ξ

E✷BP
ξ // E,
E
λˆ //
idE   @
@@
@@
@@
@ E✷BP
ξ{{vv
vv
vv
vv
v
E.
As in Setion 2 (or, indeed, as in the ase of any adjoint pair of funtors), assoiated to the
omonad morphism π : P → B there is a omparison funtor K onneting the ategory
of B omodules with the ategory Comod(P )T of algebras over the monad T = π∗ ◦π!. K
ts into the ommutative triangle
Comod(B)
K //
π∗ ''OO
OO
OO
OO
OOO
Comod(P )T
Uwwooo
ooo
ooo
oo
Comod(P ).
Expliitly, for any B-omodule (E, λ),
(3.12) K(E, λ) =
(
E✷BP, idE✷B∆P , ǫ(E,λ)✷BidP
)
.
An epimorphism of omonoids π : P → B in the monoidal ategory B (with equalisers
preserved by the tensor produt) is alled an eetive desent epimorphism of omonoids
in B provided the omparison funtor K : Comod(B)→ Comod(P )π
∗◦π!
is an equivalene
of ategories. With this last denition full ontents of Denition 3.1 is explained. Note
that the unit and ounit of adjuntion π! ⊣ π
∗
, the assoiated monad and omparison
funtor are translations of strutures desribed in Setion 2. This might be interpreted
as passing of a onsisteny hek and as onrmation of faithfulness of the translation
proedure employed here.
4. Identifying prinipal omodule algebras
In this setion we would like to work out what nonommutative H-prinipal bundles
are in the braided (symmetri) monoidal ategory opposite to the ategory of vetor
spaes. Fix a eld k. As explained in Setion 3, the ategory of k-vetor spaes Vectk is
a monoidal ategory with the usual tensor produt as the monoidal produt and with the
eld k as the monoidal unit. The ip V⊗W ∋ v⊗w 7→ w⊗v ∈ W⊗V is a braiding (in
fat symmetry as it squares to identity) in Vectk. The ategory of vetor spaes has all
equalisers and oequalisers and they are preserved by the tensor produt.
We will study nonommutative prinipal bundles in the ategory Vect
op
k
, opposite
to k-vetor spaes. Vect
op
k
has k-vetor spaes as objets and linear transformations as
morphisms, but a morphism f : V → W in Vectop
k
is given by a k-linear transformation
f : W → V . Consequently, the omposition inVectop
k
is given by the opposite omposition
of linear transformations. This `reversing of arrows' results in `swapping the prex o-'.
We now arefully study the ontents of Denition 3.1 in ase B = Vectop
k
.
A Hopf algebraH inVectop
k
is also a Hopf algebra inVectk, and vie versa (what was the
multipliation in one ase beomes the omultipliation in the other and vie versa); i.e.
ON SYNTHETIC INTERPRETATION OF QUANTUM PRINCIPAL BUNDLES 13
in both ases H is a standard Hopf algebra over k. A oalgebra B in Vectop
k
the same as a
k-algebra B. A right H-module oalgebra P in Vectop
k
is the same as a right H-omodule
k-algebra P with oation ̺ : P → P⊗H in Vectk. The diagram (3.4) of oalgebras in
Vect
op
k
, after inverting all the arrows, beomes the following diagram of k-algebras
(4.1) B
π // P
idP⊗1H //
̺
// P⊗H,
where 1H : k → H is the unit (map) of H . The ⊗-exatness of (4.1) means that
(A) (4.1) is an equaliser diagram of k-linear transformations,
(B) (4.1) is a okernel pair diagram of k-algebras,
(C) π is an eetive desent monomorphism of k-algebras.
Sine the equaliser of linear transformations is the same as the kernel of their dierene,
the ondition (A) means that B an be identied with the subalgebra of H-oation
invariants of P ,
B ∼= P coH := {x ∈ P | ̺(x) = x⊗1H},
and π is the inlusion map. The otensor produt of omodules in Vectop
k
is the same as
the tensor produt of modules over k-algebras. Thus the statement (B) means that the
unique k-linear map can : P⊗BP → P⊗H tting the following diagram
P⊗BP
can // P⊗H
P⊗P,
OO
mP⊗H◦(idP⊗1H⊗̺)
33ggggggggggggggggggggggggg
is an isomorphism. Here mP⊗H denotes the multipliation in the tensor produt algebra,
that is, for all x, y ∈ P and g, h ∈ H ,
mP⊗H(x⊗g⊗y⊗h) = xy⊗gh;
see (3.2). The map can an be easily omputed (ompare the proof of Lemma 3.3),
can = (mP⊗idH) ◦ (idP⊗B̺), x⊗By 7→ x̺(y).
Therefore, onditions (A) and (B) mean that P is a Hopf-Galois H-extension of B.
The map of k-algebras π : B → P indues a pair of funtors between the ategories
of their right modules Mod(B) and Mod(P ) (these are the ategories of right omodules
over the omonoids B and P in Vectop
k
). The funtor π! : Mod(P ) → Mod(B), is the
restrition of salars funtor, whih views every right P -module E as a right B-module via
the map π, i.e., for all a ∈ B and e ∈ E, e · a := e ·π(a). Equivalently, π! an be desribed
as the homorphism funtor HomP (BP,−) (and in the algebrai geometry literature often
denoted by π∗ as it is the diret image funtor). The funtor π
∗ : Mod(B) → Mod(P )
is the extension of salars funtor, for any right B-module X , π∗(V ) = V⊗BP , with the
ation of P indued by the multipliation in P , i.e. (v⊗Bx) · y := v⊗Bxy, for all x, y ∈ P
and v ∈ V . Equivalently, π∗ an be desribed as the tensor funtor −⊗BP (and in the
algebrai geometry literature it is often referred to as the inverse image funtor).
By reversing the arrows in the underlying monoidal ategory, we reverse adjuntions.
Therefore, when viewed from the point of view of vetor spaes, the funtor π∗ is the left
adjoint of π! = π∗. The formula for the unit of adjuntion written in Setion 3 gives the
ounit of adjuntion π∗ ⊣ π∗ and vie versa. The omposite T = π
∗ ◦ π∗ is a omonad
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on the ategory Mod(P ). For all right P -modules E, T (E) = E⊗BP with P -ation
idE⊗BmP . The omultipliation and ounit of T ome out as
E⊗BP → E⊗BP⊗BP, e⊗Bx 7→ e⊗B1P⊗Bx,
and
E⊗BP → E, e⊗Bx 7→ e · x.
A omodule (or oalgebra in ategory theory terminology) over the omonad T , onsists
of a right P -module E (i.e. an objet of the ategory Mod(P ) on whih T operates; the
P -ation is not written expliitly) together with a right P -linear map ξ : T (E) = E →
E⊗BP whih satises onditions obtained by reversing all the arrows in diagrams (3.11)
and replaing otensor produt by the tensor produt. On elements e ∈ E and writing
ξ(e) =
∑
i ei⊗Bxi ∈ E⊗BP the onditions satised by ξ are
(4.2)
∑
i
ξ(ei)⊗Bxi =
∑
i
ei⊗B1P⊗Bxi,
∑
i
ei · xi = e.
Pairs (E, ξ) with ξ satisfying onditions (4.2) are known as desent data and form the
bakbone of desent theory of (nonommutative) algebras; see the lassi text [11℄ or
modern elegant expositions [6, Setion 4.7℄, [21℄. The ategory of desent data orre-
sponding to the k-algebra map π is denoted by Descπ. We have just shown that the
ategory of omodules over T an be identied with Descπ, and therefore there is the
following triangle of ategories of funtors
Mod(B)
K //
π∗ &&MM
MM
MM
MM
MM
Descπ
Uyysss
ss
ss
ss
s
Mod(P ).
For all rightB-modules V , the omparison funtorK returns the desent datum (V⊗BP, ξ),
where ξ : V⊗BP → V⊗BP⊗BP , v⊗Bx 7→ v⊗B1P⊗Bx. The funtor K is an equivalene
if and only if the algebrai desent assoiated to π is eetive, whih, by the Grothendiek
theorem (extended in [9℄) is equivalent to the statement that P is faithfully at as a left
B-module. (Reall that, by denition, P is faithfully at as a left B-module if the se-
quene of right B-module maps V
f // V ′
g // V ′′ is exat if and only if the sequene
V⊗BP
f⊗B idP // V ′⊗BP
g⊗B idP // V ′′⊗BP is exat.)
Therefore, a nonommutative H-prinipal bundle in Vectop
k
is the same as a Hopf-
Galois H-extension B ⊆ P suh that P is faithfully at as a left B-module. If H has a
bijetive antipode, then by [23, Theorems 4.8 & 5.6℄, P is an H-equivariantly projetive
left B-module, that is the restrition of the multipliation map B⊗P → P has a left
B-module right H-omodule setion (splitting). An H-equivariantly projetive Hopf-
Galois extension is termed a prinipal H-omodule algebra in [12℄. A strong evidene that
prinipal omodule algebras should be understood as prinipal bundles in nonommutative
geometry is being unovered in [3℄. We have just arrived at the following
Identiation 4.1. Let H be a Hopf algebra (over a eld k) with bijetive antipode. Then
prinipal H-omodule algebras an be identied with nonommutative H-prinipal bundles
in the braided monoidal ategory Vect
op
k
.
With this the main aim of these notes is ahieved.
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5. Further diretions
In this nal setion we omment on some aspets of Denition 3.1 in a general braided
monoidal ategory B (with equalisers preserved by the tensor produt). Slightly greater
familiarity with ategory theory than in the rest of this artile is required here. The
disussion of internal ategories in [6, Chapter 8℄ or [14, Chapter 2℄ and of Bek's theorem
in [2, Setion 3.3℄ might be of some assistane.
We onsider rst a monoidal ategory B (not neessarily braided) with oequalisers
preserved by the tensor produt). Take a morphism of omonoids π : P → B and
onsider the assoiated monad T dened by equations (3.9)(3.10) and the omparison
funtor K : Comod(B) → Comod(P )T dened in equation (3.12). For any right P -
omodule (E, λ), there is an isomorphism (of P -omodules) E → E✷PP indued from
the oation λ : E → E⊗P . Taking this isomorphism into aount, T an be identied
with the funtor
Tˆ := −✷PP✷BP : E 7→ E✷PP✷BP.
Again taking the above isomorphism as a right unitor and a similar isomorphism as a left
unitor, the ategory Bicom(P ) of P -biomodules is a monoidal ategory with the otensor
produt ✷P as its monoidal produt. The fat that Tˆ is a monad means that P✷BP is a
monoid in Bicom(P ). The multipliation of this monoid is
idP✷BπB✷BidP : P✷BP✷BP ∼= P✷BP✷PP✷BP → P✷BB✷BP ∼= P✷BP,
and the unit is indued from ∆P . The ategory Comod(P )
T
is isomorphi to the ategory
of right modules over P✷BP . As explained in [1℄, (P, P✷BP ) might be interpreted as an
internal ategory in the monoidal ategory B (P is the objet of objets and P✷BP is
the objet of morphisms). With this interpretation in mind, Comod(P )T is isomorphi to
the ategory Pr(P, P✷BP ) of internal presheaves on (P, P✷BP ); see [1, Chapter 6℄ and
[24℄. As Comod(B) is the ategory of right modules over the trivial monoid in Bicom(B),
the funtor K ompares the ategories of presheaves over two internal ategories in B.
The neessary and suient onditions for K to be an equivalene are provided by the
Bek Preise Monadiity Theorem [4℄. In partiular, ifK is an equivalene, then its inverse
funtor K−1 is dened as follows. For all (E, λ, ξ) in Comod(P )T , K−1(E, λ, ξ) = EP ,
where EP is dened by the oequaliser
(5.1) E✷BP
ξ //
ǫ(E,λ)
// E
ΠE // EP .
The existene of oequaliser (5.1) is guaranteed by the fat that K is an equivalene.
The natural isomorphism Φ : idComod(P )T → K ◦K
−1
is the omposite, for all (E, λ, ξ) in
Comod(P )T ,
Φ(E,λ,ξ) : E
λˆ // E✷BP
ΠE✷BidP // EP✷BP.
The natural isomorphism Ψ : K−1 ◦K → idComod(B), for any right B-omodule (E, λ), is
the unique ller in the following diagram
E✷BP✷BP
ǫ(E,λ)✷BidP //
ǫ(E✷BP,idE✷B((idE⊗pi)◦∆P ))
// E✷BP
ΠE✷BP //
ǫ(E,λ)
))RR
RRR
RRR
RRR
RRR
RRR
(E✷BP )
P
Ψ(E,λ)



E.
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In the ontext of Denition 3.1 the ategory Comod(P )T and the funtors K, K−1 an
be desribed in purely Hopf-algebrai terms.
Proposition 5.1. Let π : P → B be a non-ommutative prinipal H-bundle in a braided
monoidal ategory (B,⊗, 1, τ) as in Denition 3.1. Then:
(1) The morphism can : P⊗H → P✷BP desribed in Lemma 3.3 is a left P -olinear
and right H-linear map.
(2) The funtor T is naturally isomorphi to the funtor whih sends right P -omodule
(E, λ) to the right P -omodule (E⊗H, ν), where
ν = (idE⊗idH⊗̺) ◦ (idE⊗τP,H⊗idH) ◦ (λ⊗∆H).
Upon this isomorphism the resulting funtor is a monad with multipliation idE⊗mH
and unit idE⊗1H .
(3) The ategory Comod(P )T is isomorphi to the ategory of relative [P,H ]-Hopf mod-
ules, Mod(P,H). The objets of Mod(P,H) are triples (E, λ, ζ), where (E, λ) is a
right P -omodule and (E, ζ) is a right H-module, suh that
λ ◦ ζ = (ζ⊗̺) ◦ (idE⊗τP,H⊗idH) ◦ (λ⊗∆H).
(4) The omparison funtor K is naturally isomorphi to the funtor whih sends every
right B-omodule (E, λ) to the relative [P,H ]-Hopf module
(E✷BP, idE✷B∆P , idE✷B̺).
(5) The funtor K−1 is naturally isomorphi to the H-invariants funtor, whih sends
(E, λ, ζ) to the B-omodule (EH , λH), where EH is the oequaliser of ζ and idE⊗εH ,
and λH is indued from the omposite
E
λ // E⊗P
idE⊗π // E⊗B // EH⊗B.
Proof. The morphism (3.6) is both left P -olinear and right H-linear, where P⊗H
(resp. P⊗P ) is a P -omodule by ∆P⊗idH (resp. ∆P⊗idP ) and H-module by idP⊗mH
(resp. idP⊗̺). Let ι : P✷BP → P⊗P be the equaliser monomorphism, so that
ι ◦ can = (idP⊗̺) ◦ (∆P⊗idH);
see equation (3.6). The preservation of equalisers by tensor produt allows one to make
P✷BP into a left P -omodule with oation ∆P✷BidP dened as the unique ller in the
diagram
P⊗(P✷BP )
idP⊗ι // P⊗P⊗P
// // P⊗P⊗B⊗P
P✷BP ;
(∆P⊗idP )◦ι
OO
∆P✷B idP
iiS S S S S S S S
ompare diagram (3.7). By onstrution, ι is a P -olinear map. Similarly, he right H-
ation on P✷BP is dened as idP✷B̺,
P✷BP
ι // P⊗P
(idP⊗π⊗idP )◦(∆P⊗idP ) //
(idP⊗π⊗idP )◦(idP⊗∆P )
// P⊗B⊗P
P✷BP⊗H ;
(idP⊗̺)◦(ι⊗H)
OO
idP✷B̺
iiS S S S S S S
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ompare diagram (3.8). Again by onstrution ι is an H-linear map. Therefore,
(idP⊗ι) ◦ (idP⊗can) ◦ (∆P⊗idH) = (∆P⊗idP ) ◦ ι ◦ can = (idP⊗ι) ◦ (∆P✷B idP ) ◦ can.
The rst equality expresses the P -olinearity of morphism (3.6), while the seond is the
P -olinearity of ι. Sine the tensor produt preserves equalisers, (idP⊗ι) : (P⊗P )✷BP ∼=
P⊗(P✷BP )→ P⊗P⊗P is the equaliser monomorphism. The (left) anellation property
of monomorphisms now yields
(idP⊗can) ◦ (∆P⊗idH) = (∆P✷BidP ) ◦ can,
i.e. can is a left P -olinear morphism as required. The H-linearity of can is proven is a
similar way. This proves statement (1).
Sine can is an isomorphism of left P -omodules and right H-modules, there is a hain
of isomorphisms
E✷BP
∼= // E✷PP✷BP
idE✷P can
−1
// E✷PP⊗H
∼= // E⊗H.
One uses this omposite isomorphism, whih is natural in E, to form the required iso-
morphisms of funtors and the required equivalene of ategories. All the remaining
statements are obtained by translation through this isomorphism. ⊔⊓
One this interpertation of ategories and funtors is made, we nd ourselves in the
realm of Hopf-Galois theory in braided monoidal ategories as developed for example in
[22℄. Making arguments dual to these in [22, Setion 4℄ one assoiates to a nonommutative
prinipal H-bundle π : P → B a quantum ategory in the sense of [10, Setion 12℄ (or a
braided version of a bioalgebroid in terminology of [8, Setion 5℄) as follows. B ∼= PH
is the objet of objets and G = (P⊗P )H is the objet of morphisms, where P⊗P is a
[P,H ]-Hopf module with oation idP⊗∆P and the diagonal right H-ation. The soure
and target maps are indued from π⊗εP and εP⊗π. The multipliation (or omposition
of morphisms) mG : G✷BG→ G is indued from the omposite
ΠP⊗P ◦ (̺⊗idP ) ◦ (idP⊗εP⊗idH⊗idP ) ◦ (idP⊗can
−1⊗idP ),
while the unit uG : B → G is indued from ΠP⊗P ◦∆P . The oalgebra struture of G is
indued from the tensor produt oalgebra P⊗P op, where P op is the opposite oalgebra
to P , that is the objet P of B with omultipliation τP,P ◦∆P and ounit εP .
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